We construct coherent states of the massless and massive representations of the Poincaré group. They are parameterised by points on the classical state space of spinning particles. Their properties are explored, with special emphasis on the geometrical structures on the state space.
Introduction
The Poincaré group defines the basic symmetry of non-gravitational physics. Every physical system on Minkowski spacetime -quantum fields, in particularcarries a representation of the Poincaré group. Any such representation may be written as a direct sum of irreducible representations. In physical terms, an irreducible representation corresponds to an elementary system characterised by group under study.
A full classification of the representations of the Poincaré group was first achieved by Wigner, in his famous 1939 paper [1] . Remarkably (but not unexpectedly), the irreducible representations correspond to spinning particles. Excepting unphysical and degenerate cases, the irreducible representations either describe particles with finite mass M and spin equal to n 2h , or massless particles of spin n 2h and of either positive or negative helicity. This result implies that any relativistic system, such as a quantum field, may be analysed in terms of constituent particles, a fact making more plausible the field-particle duality lying at the heart of quantum field theory.
The analysis of a relativistic system into elementary constituents is not an exclusive quantum mechanical feature. It is also present in classical mechanics. Any state space carrying a symplectic Poincaré group action may be decomposed into elementary systems (corresponding to transitive actions of the group) [2] . Similarly to the quantum case, these elementary systems correspond to spinning particles. The only difference is that the quantum description forces the particle spin to take discrete values.
The classical state space Γ and the quantum Hilbert space H of a physical system are related by means of the coherent states, namely an overcomplete family of normalised vectors on H, labelled by points of Γ. The present paper deals with the construction of the coherent states corresponding to the spinning relativistic particles. For that purpose we exploit the relation between coherent states and group representations, namely that the action of the unitary operators representing group elements on a reference vector spans the coherent states' state space. It turns out that the representations of the Poincaré group define coherent states for the spinning relativistic particles, in full correspondence with the results of the classical analysis.
We then study the properties of these coherent states. A correspondence of classical functions to quantum operators needs the existence of a resolution of the unity. Even though the coherent states of the Poincaré group are fully covariant objects, a resolution of the unity may be defined only by restricting on spatial hypersurfaces Σ. This procedure breaks the full Poincaré covariance. This is the reason that the natural position operators (like the Newton-Wigner one [3] ) for relativistic particle do not transform covariantly under the Poincaré group, even though the corresponding classical functions do.
We play particular emphasis on the geometry of the classical state space, which is induced by the coherent states. In particular, we identify a Riemannian metric on the (extended) state space. Its role is twofold. First it determines the resolution of phase space measurements thus implementing the Heisenberg uncertainty relation [4] . Second, it is a crucial ingredient of the coherent state path integral [5, 6] . A homogeneous metric on the state space is necessary in order to define a Wiener process, with the purpose of rigorously defining the coherent state path integral.
Our main motive for the study of these coherent states is the fact that the Hilbert space of relativistic particles is a key ingredient of the quantum field's Fock space. The construction of particle coherent states allows the definition of coherent states in the field's Fock space. Those field coherent states will then be parameterised by points of the classical state space of possible particle configurations. This construction will define a new representation for quantum fields, which will be suitable for discussing issues related to the field's particle content (for example particle-field interactions, particle creation in external fields).
The plan of the paper is as follows. In section 2 we provide the necessary background. This involved the structure of the Poincaré group, the basics of two-component spinors and the general theory of coherent states. In section 3 we construct the coherent states for massive particles and in section 4 for massless ones.
Background

The Poincaré group
The Poincaré group is the semi-direct product of the Lorentz group and R 4 , the Abelian group of spacetime translations on Minkowski spacetime. An element of the Poincaré group is the pair (Λ µ ν , C µ ), which acts on points X µ of Minkowski spacetime as follows
In physics we study two types of action of symmetry groups, depending on the structure of the physical system's state space. In classical mechanics, the state space is represented by a symplectic manifold. For this reason we seek groups actions on that manifold that preserve the symplectic structure (symplectic actions). In quantum mechanics the role of the state space is played by a complex Hilbert space. We seek group actions that preserve the linearity structure and the inner product of the Hilbert space, namely unitary group representations.
When the Poincaré group acts on the phase space Γ of a physical system by symplectic transformations, its Lie algebra is represented by functions on Γ through the Poisson bracket. In particular, one may identify functions on Γ that represent the generators of the Poincaré group. The generators of the Lorentz transformations are written as M µν and of the spacetime translations as P µ . One may also construct the Pauli-Lubanski vector W µ that describes spin covariantly
Similarly, when the Poincaré group is represented on a Hilbert space H, its Lie algebra is represented by self-adjoint operators M µν and P µ . The PauliLubanski vector W µ is again defined from the operator analogue of equation (2.2).
In both the classical and the quantum case, one is interested in elementary systems, i.e. in systems corresponding to the simplest possible actions of the Poincaré group. In classical mechanics elementary systems correspond to transitive actions of the group (i.e. the group action has a single orbit), while in quantum theory they correspond to irreducible representations of the Poincaré group. The classification of elementary systems was achieved by Wigner in the quantum context and by Konstant-Souriau in the classical case.
The elementary systems are classified by means of two physical quantities, which are invariant under the action of the Poincaré group. The first such invariant is the rest mass
and the second is the spin defined by
The essential difference between classical symplectic actions and quantum irreducible representations of the Poincaré group is that in the latter case the quantum values of spin are discrete, namely
for any non-negative integer n.
Spinors
In this section we will provide some basic expressions for the spinor calculus, which are necessary in our treatment. The motivation for spinors comes from the realisation that one may define a self-adjoint complex 2 × 2 matrix x A ′ A for each four-vector X µ on Minkowski spacetime
with σ 0 = 1 and σ i the Pauli matrices. The inner product between two vectors reads 
For a null vector X µ , the determinant of the corresponding matrix vanishes and therefore 9) in terms of a non-zero element of C 2 , which is called a spinor. Hence for each spinor c A there corresponds one null vector 10) where the indices are suppressed and summation is implied.
If a spinor c A corresponds to a null vector I µ , so does e iφ c A . For this reason, the map from the space of non-zero spinors C 2 − {0} to the space of null vectors on Minkowski spacetime, is many-to-one. The map (2.10) then defines a principal fiber bundle, whose base space is the space V + of future-pointing null vectors (topologically R × S 2 ) with positive energy (I 0 > 0) 1 , total space is C 2 − {0} (topologically R × S 3 ), fiber U (1) and the projection map being defined by means of equation (2.10) . This bundle is known as the Hopf bundle.
If I and J are two null vectors with corresponding spinors c and d their product is
In the following, we shall choose a reference cross-section of the Hopf bundle, by which a unique spinor ι is selected to represent the null vector I µ . The most convenient choice is to consider spinors of the form 12) for any real ρ and complex number z. The Hopf bundle is non-trivial, hence this cross-section is not global; it cannot be defined on the spinor 0 1 . But for all other spinors there exists an one-to-one map between future-directed null vectors and spinors, which reads explicitly.
We can, nonetheless, make the definition of ι unique by choosing ι = 0 1 for
On C 2 there exists the defining action of the SL(2, C) group, i.e. of complex matrices with determinant one. For each α ∈ SL(2, C) one may define an element Λ of the Lorentz group
The map is two-to-one since ±α go to the same Lorentz matrix Λ. A pair of spinors ι, j, such that ι A ǫ AB j B = 1 defines an orthonormal null tetrad of vectors
1 An analogous fiber bundle may be defined for null vectors with negative energy.
which satisfy
Moreover, the two spacelike vectors m 1 and m 2 satisfy
Coherent states
The coherent states form a bridge between quantum theory and classical symplectic mechanics. A set of coherent states is defined as a map from a manifold Γ to the projective Hilbert space P H, Coherent states are often constructed by means of group representations. If a group G is represented by a family of unitary operatorsÛ(g), g ∈ G on a Hilbert space H, then we may construct the vectorsÛ (g)|0 , for any choice of a reference vector. The usual choice for |0 is either the minimum energy state or a vector that is invariant under the maximal compact subgroup of G. We then define the equivalence relation on G as follows:
Defining the manifold Γ = G/ ∼, the map
defines a set of coherent states |z . Furthermore, this set does possess a resolution of the unity.
The map i : Γ → P H may be employed to pull-back to Γ certain geometrical objects, which are naturally defined on P H. We may, therefore, define a U (1) connection on Γ iA = z|dz .
(2. 24)
This connection is familiar from the theory of geometric quantisation [2, 7] . It is the minimal geometrical structure one needs to introduce to the classical phase space, in order to construct the corresponding quantum theory. One may also construct the closed two-form Ω = dA on Γ. This two-form may be degenerate. If it is not, Γ has the structure of a symplectic manifold. Then the Liouville form Ω ∧ . . . ∧ Ω defines an integration measure on Γ and suggests the existence of a resolution of the unity.
Finally, the coherent states allow the introduction of a Riemannian metric
This metric defines a notion of distance on Γ and incorporates the information about the uncertainty relation on phase space, namely the resolution in the determination of phase space properties. In previous work [4] , we proved that the condition
is equivalent to the Heisenberg uncertainty relations. If, in particular, the space Γ includes a variable that plays the role of time -as we will see in the study of the relativistic particles-the expression above is equivalent to the time-energy uncertainty relation. The metric and the connection also describe the asymptotic behavior of the overlap kernel z|z ′ for z ′ close to z:
This property is important because it allows the determination of the coherent state propagator z|e −iĤt |z ′ by means of a path integral
where the integral is over all paths z(·) such that z(0) = z ′ and z(t) = z ′′ .
3 Coherent states for massive particles
The representation of the Poincaré group
The unitary irreducible representations of the Poincaré group may be constructed by Wigner's procedure. We refer to the books of Simms [8] and Bogolubov et al [9] for a comprehensive treatment, upon which we base the constructions of the present paper. In order to implement Wigner's procedure, we first choose a reference unit timelike vector and identify its little group, i.e the subgroup of the Poincaré group that leaves that reference vector invariant. We choose the vector n µ = (1, 0, 0, 0). The corresponding little group is the group SO(3) of spatial rotations. Any element Λ of the Lorentz group may be written as a product Λ = Λ I R, where R is a rotation -element of the little group-and Λ I is a boost taking n µ to an arbitrary unit timelike vector
The boosts Λ I read explicitly
In the spinor representation n µ corresponds to the unit 2 × 2 matrix, while Λ I corresponds to the hermitian matrix ω I
The fact that ω I is a positive matrix and the existence of a polar decomposition for any matrix implies that an element of SL(2, C) may be written as ω i u, where u a unitary 2 × 2 matrix.
The unitary irreducible representations of the SL(2, C) group are classified by means of the unitary irreducible representations of it little group SO(3), or more precisely from the unitary representations of the latter's universal cover, the group SU (2). The representations of SU(2) are characterised by an integer r, which labels the dimension of the representation's Hilbert space. We will denote by D (r) (g) the unitary r × r matrix representing the element g ∈ SU (2). In order to construct the Hilbert space for the representation of the Poincaré group, we consider the space W + , which consists of unit time-like vectors ξ µ with positive value of ξ 0 = 1 + ξ 2 . Topologically, W + is homeomorphic to R 3 . We then equip W + with the measure 4) which are labelled by the value M of the particle's rest mass. The introduction of this measure defines the Hilbert space
r , which depend on the value of M and the integer r labelling a representation of SU (2). The corresponding unitary operatorsÛ (α, X) are defined as
where α ∈ SL(2, C), X µ correspond to the Abelian group of spacetime translations, Ψ(ξ) ∈ H M,n . The expression α · ξ denotes the adjoint action αξα † of α on the matrixξ A ′ A corresponding to the vector ξ µ . One may then write the generators of spacetime translations, rotations and boosts. They read, respectivelyP
where,
andŜ refers to the spin vector
From the equations above one may derive in a straightforward manner that
The coherent states
Having identified the representations of the Poincaré group, we still need to identify a reference vector, in order to construct the coherent states. Since we study free particles, we may not define a vacuum state. Moreover, there do not exist vectors invariant under the maximal compact subgroup of the Poincaré group (SO (3)), unless the spin vanishes. Hence, there exist no natural candidates for a reference vector and our choice will be guided by calculational convenience.
where n ξ µν = −η µν + n µ n ν . This vector is centered around ξ i = 0 with a width equal to σ.
We also choose a reference vector |0 r on C
Then we may write a normalised reference vector on H M,r
where we extended the use of the symbol D (l) to refer to the (non-unitary) representation of the SL(2, C) associated with the r-dimensional representation of SU (2) 2 . The vector ψ 0 is centered around the momentum value ξ i = 0, and the spin pointing at the (0, 1, 0, 0) direction.
The action ofÛ (α, X) on Ψ 0 yields
If we effect the polar decomposition of the SL(2, C) matrix α = ω I u, the SU (2) matrix u will act on the reference vector on C r |0 r , leading to the coherent states of the group SU(2) |m r
which are parameterised by a unit three-vectorm. If we denote bym the spinors corresponding to the three-vectorm, the inner product between the SU(2) coherent states reads
In terms of the SU(2) coherent states, the coherent states of the Poincaré group read explicitly 2 There exist two possible extensions of SU (2) representations to the ones of SL(2, C), depending on the embedding of SU (2) in SL(2, C) in the fundamental representation. If A is an SU (2) matrix one may define the map A ∈ SU (2) → A ∈ SL(2, C), or the map A ∈ SU (2) → ǫĀǫ −1 , where ǫ = iσ 2 . The reference vectors do depend that choice, however the properties of the coherent states are not affected. We shall employ the first alternative in the present paper.
The unit timelike four-vector I µ is obtained by the action of the Lorentz transformation corresponding to α on the reference vector n µ . It represents the particle's four-momentum normalised to unity (often called the four-velocity). The unit three-vectorm i corresponds to the direction of the particle spin on a hypersurface normal to n µ . It is more convenient to parameterise the coherent states by the unit, spacelike, four-vector J µ defined as
or explicitly
The four-vector J µ is the Pauli-Lubanski vector normalised to −1
and satisfies
The coherent states of the Poincaré group may be represented by a ket |X, I, J M,r , which is parameterised by elements (X, I, J) of the nine-dimensional space ξ M,r = R 7 × S 2 . The action of the Poincaré group leaves this set of coherent states invariant, in the sense that
However, the space ξ M,r is odd-dimensional an for this reason it is not expected to possess a resolution of the unity. The reason is that one of the parameters in the coherent states plays the role of time.
We may reduce the set of coherent states by taking a fixed value of the parameter t = n · X, i.e. treating t as an external parameter and not as an argument of the coherent states.
We then define our coherent states at an instant of time, i.e. a spacelike three-surface Σ, which is uniquely determined by the choices of n µ and t. The coherent states then depend on the spatial variables x i and I i , which are the projections of X and I on Σ together with the unit vectorm i of spin. These variables span the phase space of a single particle T * Σ × S 2 . We denote the coherent states restricted on Σ as |x, I,m Σ . The Poincaré group behaves as follows: transformations that leave Σ invariant (spatial rotations and translations) preserve the coherent states, while the ones that take Σ to another surface Σ ′ (namely boosts and time translations) also take the set of coherent states into the one associated to Σ ′ . For the restricted coherent states we can calculate
and thus implies the existence of a resolution of the unity
Here κ equals the mean value of energy in the vector ψ 0
Given a resolution of the unity, one may provide natural definitions of operators on H M,r in terms of functions on the classical phase space. Hence for any function f : T * Σ × S 2 → R, we may define the operatorF Σ aŝ We should note here that the operatorsF Σ do not transform covariantly under the action of the Poincaré group. If a Poincaré transformation takes a threesurface Σ to a three-surface Σ ′ , it does not follow thatF Σ is related toF Σ ′ by means of the unitary operator corresponding to that Poincaré transformation. In particular, if Σ t and Σ t ′ are two surfaces, corresponding to two different moments of time with respect to the same foliation, it does not follow that
For example, we may consider the position operatorŝ
This operator represents length measurements only on the surface Σ. The Hamiltonian evolution yields
It is often stated that the non-covariance of the position operator implies that particle position is not well-defined in relativistic quantum mechanics. However, it needs to be noted that the index Σ does not refer to Heisenberg-time evolution, but is a kinematical parameter determining the reference frame that is involved in the specification of the corresponding measurement. In the consistent histories approach to quantum theory, the distinction between the kinematical and dynamical aspect of the change in physical parameters has a nice mathematical implementation [11] , and there exists no conflict with covariance in position being represented by means of an one-parameter family of operatorsx i Σt [12] .
The coherent states' geometry
Connection and symplectic form We now proceed to study the geometry of the coherent states parameter space. First, we evaluate the connection oneform. For this purpose, it is more convenient to start with equation (3.15) and parameterise the SL(2, C) matrix α as
in terms of the complex numbers a, b, c, e, such that ae − bc = 1.
We then obtain
In order to compute X, I, J|d|X, I, J , which involves integration over dµ M (ξ) we perform the change of variablesξ → α −1 ·ξ. We also use the following relation
which enables us to compute all inner products in the fundamental representation of SU (2) on C 2 . The first term in X, I, J|d|X, I, J reads
The fact that I 2 = 1 implies that I · dI = 0, hence only the term κM I µ dX µ survives. The second term yields
which may be written as The final result is
We may absorb κ in a redefinition of the mass M as M ′ = κM , or in a redefinition of the spacetime coordinates Y µ = κX µ . We shall prefer here the latter alternative.
Under the transformation µ → e iθ µ, λ → e −iθ λ, the connection form changes by A → A + rdθ.
This gauge transformation does not affect the two-form Ω,
which may also be written in terms of the vectors I and J as [2] 
The two-form Ω is degenerate: the degenerate direction corresponds to the vector field I µ ∂ ∂Y µ . Through the coherent states, we have recovered the standard form of the state space and symplectic structure of spinning relativistic particles with nonzero mass.
The metric The calculation of the Riemannian metric on ξ is straightforward but tedious. The end result is the following
Here v denotes the constant
and ds 2 0 the corresponding metric for the spinless relativistic particles, which has been computed elsewhere
The first term is the Riemannian metric on W + inherited from the Lorentzian metric on Minkowski spacetime times a constant. The parameter ω equals
The second term is involves the tensor
which is the correlation tensor for the four-momentum on a coherent state. Explicitly,
One may choose σ 2 << 1, in which case the reference vector approaches weakly a delta function on momentum space. In that case, the parameters κ, ω, v behave as
This implies that the dominant contribution to the phase space metric for small σ 2 is
Note, that this metric has a degenerate direction (it is non-negative rather than positive definite), which coincides with that of the symplectic form (3.43).
In the particle's rest frame I i = 0 and for t = 0, the spin-dependent terms in the metric read
The leading terms in the metric are quite important, as they are less dependent on the details of the chosen reference vector. For reasons of continuity, a small change in the reference vector (with respect to the Hilbert space norm) will have a smaller effect in the dominant terms. For this reason, the metric (3.53) is the most suitable candidate for the path-integral calculation of the coherent state overlap functional, by means of equation (2.28). This is quite important, because our Gaussian wave functions do not allow the analytic calculation of the overlap functional. We will undertake the construction of that path integral for spinning particles in a future work.
It is well known that the knowledge of the overlap functional enables one to fully reconstruct the information about the Hilbert space and the coherent construction. Since we are using the metric (3.53) and not the full metric (3.44) of the coherent states, the reference vector corresponding to that construction will be different from the one we employed here. Still, the geometric structure of the coherent states will remain the same.
Coherent states for massless particles 4.1 The representation of the Poincaré group
The unitary irreducible representations of the Poincaré group for zero mass are very different from the massive ones; the corresponding coherent states differ accordingly.
We follow again Wigner's procedure for the construction of the group's representation. For that purpose, we choose a reference null vector and identify its little group. This is most conveniently done by going into the spinor represen- for some phase e iφ . This is satisfied by all matrices of the form
Each unitary representation of the little group defines uniquely a unitary representation of the full Poincaré group. The unitary representations of this little group that are relevant to the description of massless particles are onedimensional and correspond to the multiplication by a phase
where r is an integer that corresponds to the discrete values of spin. The representations with opposite values of r correspond to particles with the same spin but opposite helicity. Any element of SL(2, C) may be written as a product of a matrix of the form (4.3) with a matrix of the form For each null vector ξ µ we denote as ω ξ the unique matrix of type (4.4) that takes the reference spinor 1 0 to the canonical spinorξ associated to ξ 3 .
In effect ifξ = e
The massless representations are constructed on the Hilbert space H 0 = L 2 (V + , dµ(ξ)) of complex-valued, square-integrable functions over the space V + of future-directed null vectors. The measure dµ(ξ) is the unique Poincaré invariant
where ξ = √ ξ · ξ. The representations are characterised by the integer r of spin
where α(Λ) is a SL(2, C) matrix corresponding to the Lorentz matrix Λ.
The coherent states
The first step towards constructing a set of coherent states is to identify the reference vector. We want the reference vector to be sharply concentrated around a particular element of V + ; we will employ the conventional choice ξ µ = (1, 0, 0, 1). We thus need to identify smeared delta-functions on the space V + .
Unlike the massive case, V + has the topology R × S 2 , because the null vector (0, 0, 0, 0) is excluded. Because of this particular topology, a (smeared) delta-function on V + may factorise into a product of a delta-function on R with a delta-function on S 2 . However, the identification of the component of ξ µ acting as coordinate on R and of the components acting as coordinates on S 2 is not Lorentz invariant. It depends on the choice of a reference timelike vector. Choosing n If we use as coordinates λ, x = cos θ and φ (an azimuthal angle on the sphere running from 0 to 2π), the invariant measure becomes
It is convenient to employ a Gaussian as a smeared delta-function for the variable λ
For the sphere S 2 recall that the delta-function with respect to the north pole is given by
where x = cosθ and P l the standard (unnormalised) Legendre polynomials. A convenient choice for a smeared delta function is to truncate the series at some value l = N . So the smeared delta-function is
The benefit from this choice of smearing function is that for any polynomial f of x of degree less or equal to N, we have
With the previous choices of smeared delta functions we may write a reference vector on the Hilbert space H 0
When the unitary operator U [α, X] acts on Ψ 0 , the argument of Ψ 0 goes from ξ to α −1ξ . Since Ψ 0 is a function of n R · ξ and m R · ξ, this transformation renders Ψ 0 into a function of (Λ(α)n R ) · ξ and (Λ(α)m R ) · ξ, where Λ(α) is the element of the Lorentz group corresponding to the SL(2, C matrix α. Now n = Λn R and m = Λm R are unit timelike and spacelike vectors respectively such that n · m = 0. The coherent states will then depend upon them. It is more convenient to employ a pair of null vectors Thus it can be written as je iχ for some phase χ. Taking this into account we see that
(4. 14)
However, the fact that ad − bc = 1 implies that χ must be absorbed in a redefinition of j such that (4. 15) so that the spinors ι and j define a null tetrad. One should note that -unlike the massive particles case -the vector J µ is not here the normalised Pauli-Lubanski vector, since the latter is proportional to I µ in the massless case. Eventually, using (4.14) we arrive at an expression for the coherent states for the massless representations of the Poincaré group
The parameters X, I, J of these coherent states span a nine-dimensional manifold, which we will call Γ 0,r . This is not, however, the phase space of a classical system. We have to take into account the possibility that two different set of parameters correspond to the same Hilbert space ray, i.e. that there might be a pair (X, I, J) and (X ′ , I ′ , J ′ ) such that
Similarly to the massive case, we will not be able to compute analytically the inner product between two coherent states, but this is not necessary for our purpose. If we write X ′ = X + dX, I ′ = I + dI, J ′ = J + dJ, the above equation reads X, I, J|d|X, I, J = idφ(X, I, J), (4. 18) or in terms of the U(1) connection A of (2.24)
One has, therefore, to excise all submanifolds of M in which the one-form A becomes closed, or in other words remove all the degenerate directions of the symplectic form Ω = dA.
To compute A we first write dΨ X,I,J
It is convenient to change variables to ξ ′ = Λ −1 ξ, in order to compute the integral dµ(ξ)Ψ * X,I,J (ξ)dΨ X,I,J (ξ). The reference null directions become I 
If we define the spinor
we obtain (up to a closed form)
giving the symplectic form
If we consider the spinor ω A as a function of y -through equation (4.23)-then it satisfies the twistor equation (see for instance [10] )
where
Note that ι initially refers to the canonical expression (2.13) for the spinor corresponding to the null vector I µ . Had it been unrestricted, the pair ι A , ω A would define an element of the twistor space T, namely the space of solutions to equation (4.26) .
However, we may allow variations of the phase of ι. In particular, under the transformation The coherent states'parameter space Γ is then the quotient of the submanifold of the twistor space T defined by (4.29), with respect to the equivalence relation defined by the transformation (4.27). To examine the structure of Γ, let us perform the transformation As the smearing parameters σ 2 → 0 and N → 0 the smearing function approaches weakly a delta function on momentum space. In that case the metric simplifies. However, the smeared delta function (4.10),which has been very convenient in our calculations, is of limited use in the explicit computation of the coefficients (4.29-32). For this task we will employ a different smearing function on S 2 than (4.10). This change does not affect the behaviour of the dominant terms, except for the fact that they are written in terms of a different smearing parameter. We, therefore, employ in equations (4.35-38) the function
(4. 39)
The coefficient is obtained from the normalisation condition 2π 
Conclusions
In this paper we constructed the coherent states corresponding to the physical unitary irreducible representations of the Poincaré group. The space of parameters for these states correspond to the classical symplectic manifold that describes spinning relativistic particles. The description of these state spaces in terms of coherent states is perhaps more accessible (if less elegant) than the particle physicist, because the standard classical derivation involves rather advanced techniques of symplectic geometry.
This implies that one may write a phase space representation of quantum theory for spinning particles and for the fields constructed from such particles. Geometric objects -such as the U (1) connection and the Riemannian metric on phase space will play an important role in that description. It will be of great technical and conceptual interest [13] to explore the properties of quantum field theory in that particle representation. The present paper provides a stepping stone in that direction.
